Math310 : Exam 2 solution
Spring 2013

SHOW WORK: Unsupported answers will not receive credit.

Problem 1. (20pts) Prove or disprove

(1) S:{( ayc) |x+y:3} is a subspace of R2.

(2) T = {p(z) € P;|p'(3) = 0} is a subspace of Ps.
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Problem 2. (30pts) Let A =

a) Find a basis for the row space of A. What is the dimension of the row space of A?
b) Find a basis for R(A). What is the dimension of R(A)?

c¢) Find a basis for N(A). What is the dimension of N(A)?

d) Find rank and nullity of A.

Problem 3. (15pts) Let ulz(?),u2=(§> and V1=<1)7V2:<_11>'

a) Find the transition matrix S corresponding to the change of basis from {uy,uz} to
{V17 V2}'

b) If w= ( g > find the coordinate representation of w with respect to {vy,va}.

Problem 4. (20pts) Give an example (no explanation required) of

(1) a set in R? that is linearly independent but not a basis of R?;
(2) aset in P3 that is a spanning set for P; but not a basis of Ps;
(3) a basis in R?*?;

(4) a linear map from R? to R?;

(5)

5) a map from R? to R3 that is not linear.

Problem 5. (15pts) Determine if {z? —x + 1, x + 3, * — 5} is a spanning set for P;.
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Problem 1.

(1) S is not a subspace of R?. To show that S is not a subspace of R? it is enough
to provide a counterexample : ( ; ) € S, but 2 ( ; ) = ( i ) ¢S

(2) T is a subspace of P3. T is closed under addition: if p,q € T then (p+¢q) € T
since (p+¢)'3) = P +¢)3) =P 3)+¢d(3) =0+0=0. T is also closed
under multiplication by a scalar: if p € T" and r is a number then (rp) € T since
(rp)'(3) =rp'(3) =7-0=0.

Problem 2. We first find RREF(A):
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a) {(1,-2,1,0,0),(0,0,1,1,0),(0,0,0,0,1)} is a basis of the row space of A. Dimension
of the row space of A is 3.
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b) 1 3 T N is a basis of R(A). dim R(A) = 3.
—1 —2 2

c¢) To find N(A) we solve the system Az = 0. From the RREF(A) we see that z1, 3, x5
are lead and xy, x4 are free. Also

231-2%2—334 =0
T3+ T4 =0
T5 =0



21’2 + x4 2 1
i) 1 0
Thus N(A) = —Ty | x5, 24 € R 3. So, 0o1,] -1 is a basis of
Ty 0 1
0 0 0

N(A). dim N(A) = 2.
d) rank(A) = dim R(A) = 3 and nullity(A) = dim N(A) = 2.
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Problem 3. DenoteU:<1 2)andV:<1 1 )

a) The transition matrix corresponding to the change of basis from {uy,uz} to {vq,va}
is S =V~IU.

1 123\ R-R (1 1| 2 3 R1+_1/>2R2 10| 3/2 5/2
1 1 ]12) — \o 2] -1 -1 01| —1/2 —1/2

1/2R,
3/2 5/2
Thus, S = ( _1?2 _1§2 )

b) Write w = ¢;vy + covy and solve for ¢, co.

(1—1|5>R2—R1(1—1| 5)R1+_>1/2R2<10| 4)
1 1 ]13) — Mo 2] =2 L2k, 01 | -1

Thus, ( _le ) is the coordinate representation of w with respect to {vy,va}.
Problem 4.

(1) 2 } is a lineraly independent set in R® and it is not a basis of R?;

(2) {1 r,2% 1+ x + 2} is a spanning set for Py and it is not a basis of Ps;
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) is a linear map from R3 to R2.
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2 | is a map from R? to R3 and it is not linear.
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Problem 5. Using the basis {z?, x, 1} we replace polynomials {z? —z+1, x+3, 22 — 5}

1 0 1 1 0 1
with vectors -1 1,1 1], 0 . Since det | =1 1 0 = -9 #£ 0,
1 3 -5 1 35
1 0 1
-1 1,111, 0 ) is a basis of R?, in particular, it is a spanning set for
1 3 -5

R3. Thus {z? —z + 1, z + 3, > — 5} is a spanning set for P;.



