Robert Krzyzanowski Representation Theory Notes

Lecture 3 (January 16, 2009) -

Example. LetK be afield)) a 1-dimension&l -vector-spacellV a 2-dimensional
K-vector space. Take

(idg, embedding of v.§, (K, V) — (K, W)
As we will see(K,V)E 6§ andK,W)E 6 .Consider the formyle) , whidh say
w(v) =YwI\ Ak v w.

Then w(v)(K’V) ={a €V ]a#0v}, since all non-zero elements of a 1-dimergdion

vector space span that vetor space. On the otimet, hﬁv)(K’W) = (), since there is no
single basis element for a 2-dimensional vectocspa

Definition. We say that ' C M is an elementary substructure (written ' < M) if for
all L-formulae (%), oM NN = V. [Familiarize yourself with this last part.]

Definition. An embedding NV — M iselementaryf f(N) < M.

We now claim that iff : ¥ — M is a bijection, thgh is ankeedding if and only
if fis an elementary embedding.

Definition. We say M, A are fundamentarily equivalent Th(M) = Th(N') and we
write M = .

Remarks. The above definition is a weaker version of isgohdsm.
Exercise. If ' < M, then V' = M.

Example. There areM C N substructures such thdt=~ " bUtA N . Take a 1-
sorted language, with one binary relation symBolnd M 's universe to be the natural
numbersN , witlPRM .= < (less than).

Compactness If T is a set of sentences andvify C s, T thereMs;, F T, hent
AMET. Mg, ETy means/d € Ty MEO ).

Upward Lowenheim-Skolem: If 7" has an infinite model M, then Vk > |M|,
AN = M suchthat |NV| = k.

Proof. "A is huge": defind." .= LU{C;|i € k} I witk many constant synshol
andT; = {C; # C;|i # j} . We also needVl < A/ ". So, we grow our languagaaga

LTt :=LTU{C,|me M}.

Let Ty := {gp(Cm], ey O ) 021, ...,:cn)M > (my, ...,mn)}. Then letT =T, UT, .
This completes the prodil Hpmework. Understand this...]

Downward Lowenheim-Skolem. If AC M, then there is N <M, ACN,
Al = [NV].

Proof. Exercise.(to look it up) It involves Skolem functiorisl
We now claim ifM = A, then thereig = M abd> N
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Proof. Eldiag M) N Eldiag\') . Assume Eldiayt) O Or := A Fp¢ and similarly for
On.

Lecture 5 (January 23, 2009) -

Last time, we showed that given a thedry , thenfdlowing are equivalent:
-T is model-complete.
- All modules ofR are existentially closed (emddels ofl" .
- Every existential is equivalent to a universal.
Every formula is equivalent to an existential am@m universal.
What fields are e.c. fields?
Axioms of Fields
The language we will use will b&eqs = { +, -,0,1} . We will use
VeVyVz oz + (y+2)~ (z4+y)+zAz-(y-2)=(x-y) - zAz-(y+1)=x-y+z-2
VeVy (z+y=y+zAzx-y=y-1x)
Ve (x+0=xAx-1=ux)
Ve3dy (x+y=0)
Vedy(x=0Va-y=1).
The theory of fields is avid  -theory.
Lemma. If T is anv3 -theory, thed; FT'Vi € I ordered, < j A; < A; ,then

U A ET.
1el

Proof. It suffices to prove this faf = {6}

Note. If (I, < ), A; < Aj Vi < j, thenVi A; < U A;.
1el

Definition. GivenA; fori € (I,c) , define

J A; : universe: union of universes (sortwise)
i€l

For example, iff is an -ary function symbol and...,a, € |J A; thad right sort,
i€l

ng'(al, e y) = fA(ay, ..., a,).
Letj:Via, € A;. Ifj : Via; € Ay, then

fAi(ay,...,a,) = fAi’(al, ey Gy )y
wherej < 7, A; < Ay implies the above.

We claim that an e.c. field is algebraically cldise
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Proof. If F' is not algebraically closed, there is aypoimial p(xz) € F(z) such that
F¥ 3z plx) =0butF > F, FE3x p(x) =0.0

Exercise. Find aI' which has no e.c. models of any size.

Exercise. Find a theoryi’, M an e.c. modelBf M < N which is noean model of
T.

Proposition. Suppose thaf' is afd  -theprd T, A > |A|, A > |L| , theM is an
e.c. model o’ suchthat < M aptM| =X .

Proof. We have a chaid = My < M; < M, < ... Ourinduction hypothesis bl
|M;| < X . The base casel, = A s trivial. We want to list

{(gpj(asl, ey T (mj, ...,m%j)) ‘je )\},

the pairs ofl. -formula, tuples of elements fet . tw limit cardinal case we have
o Ma = U M,

1€ o
The successor case: GiveW; , we lookyaf (m') e M; Mk oi(m') , then
M1 = M,;. Otherwise, if there isVET, M; < N, N E pi(m') = Iy p(m,y). So
we need to findv € NV s.V E p(m, y)

We getN; fromV; likeN; fromV, . We claim thaut  is as.enodel ofT" T is
v3). Suppose not. If there i§ F T, M E N , then this is existéni(z), m € M such
that NV E p(m), M # o(m), m € N;, (p,m) = (p/,m’) for some j< A in the
construction ofV;,; , and this was fixed.

E.c. fields
- Are algebraically closed
- For any characteristie , for any> 8, , there is an#eld of charp , of sizé .

- For A > N, for each chap , there is a unique algehtyi closed field of size
A, charp (transcendence basis)

Therefore, for uncountable field k&, is an e.cdiégland only ifk is algebraically closed.

Lecture 6 (January 26, 2009) - Algebraically Close#ields
Definition. ACF = Th(fields U {Vy ify = 0}
ACF, = ACFU{f,: 141+ ...+1=0}
ACF, = ACFU {36, : p € N}.
Facts about algebraically closed fields. (1) Infinite.

(2) [Can't read board at that angle from here, d®@min's notes again... :( ]
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Proposition. Given an V3 theory T" with no finite models, which is A-categorical for
some A > |L|, then T" is model-compl ete.

Proof. Supposed =T is not an existentially closed modiél'ol.e.,ABET,a € A
existential ¢(z) such thatd < B, A¥ ¢(a), BE ¢(a) . Thén = LU{P,C}
Consider anL* -structur®t  witM |, .= B, P = A, CM:=a .THM)DT with
"P E T" (relativization). Now we findV E Tt s{P(N)| =X\ .Bycompaess,> \ .
Then by the down-ward Léwenheim-Skolem thisA . NBW )|, E T size\ , not .c.
but sincel’ i&/3 and > |L| , there is some e.c. closed hudde of sizeL . Butl’ is\ -
categorical[J

Corollary. If K = ACF andX is a system of polynomials o¥er  &nhd s daolution in
some fieldF" > K , ther has a solutionkh> K ACF then &a®lution inK
(Hilbert's Nullstelensatz).

Definition. T eliminates quantifiers (has quantifier elimination) if Vo (), 3 a q.f. ()
st. p(x) © P(x).

Proposition. Suppose 7" is model-complete, and {substructures of models of 7'} has the
amalgamation property (A.P.) then T" has g.e.

Proof. (1) It suffices to show g.e. for existentialx) induction). Fix existentialp .
Take

Sy ={(4,a)|AET,AE p(a)}
Flaa ={¢(z)|yis q.f.andA F y(a)} .

We claim if(B,b) F T'U Fi4,) thenB F o(b) . Foraq.f. type of i and. dype ofa

in A, then (b)p =~ (a)4 = D so there is som& CCEFT sz (a)y — A and
D=~ (b)p— B with A— Cy and B — Cy, withCy — CET . Now,AF p(a) SO
(since ¢ is existential)C' E p(a),C F ¢(b) . SINCE  is model-complekés implies
BE ¢(b).

Lecture 7 (January 28, 2009) -
Organizational:
- No class on Friday Feb 6th, 27th. (class 2-Mon Feb 2nd, 23rd)
- Grad student logic conference in Ubrana on 13/i8l.
- ASL conference Notre Dame May 20-23 Apply fonding NOW.
Quantifier Elimination for A.C.F

Corollary. If M F ACF, and ¢(z) is a formula with 1 free variable, then o(M) is
finite or cofinite.

Proof. If ¢ is quantifier-free, without loss of genetald.n.f)

v = Vi (ALipii(@)
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m;j

where ¢;; is a poly equation or inequality. It sufficeo show that)\,”,¢;i(k) is
finite/confinite. Hence, it suffices to shawy;(x) isite/cofinite: finite if equal, cofinite
is ineq.d

Definition. Atheory T isstrongly minimal if the previous corollary holds for 7" in place
of ACF.

Examples. (1) L = (), theory of infinite sets.

(2) Distinguishable, torsion-free abelian grodfds ecter spacg .

(3) For any primep I, -vector spaces.

Zilber's Trichotomy Conjecture.

Counterexample: Read Hrushovski's article "A new strongly miairset.”
From this point, we I€T" be a strongly minimal theo

Lemma. (about uniform finiteness/cofinitenedske p(x; y) with z, y single variables.
Then 3n such that for all but finitely many b € M, |o(M;b)| = n (finiteness), or for all
but finitely many b € M, |M \ p(M;b)| = n (cofiniteness).

Proof.  Note that for each |$(M,y)|=n " i -st order, callfitty) (finite), and
"lo(M,y)| = n"is 1-st order, call it,(y) (cofinite). Then

M = (U, fnM)) L (L, en(M)).
We claim that not allf,,,c, are finite. Further, we ofathatVv: # j, f; N f;, fiNc;,
fiNc¢j, ciNc; = 0. We claim there are infinitely many non-emply imfinitely many
non-emptyc; . TakeZ =T U {¢(z,C) is infinite, co-infinite . By sty minimality of
T, X is inconsistent. So a finite part®f is incatsnt.
Y={Fnze(z,C)|ne NyU{Is,z-p(x,C)|n € N}

(we are adding one constarit  to the language).

Lemma. Suppose b,ay,...,a, € M. Suppose b € acl(ay, ...,a,) \ acl(ay, ..., a,_1).
Then a,, € acl(ay, ..., a,_1,b). (€initz exchange)

Proof. Sayy)(z;yi,...,y) witnessdse 4al,...,a,) ,i.€x;a) isfinikeda ).
Define ¢(z, a1, ..., an—1,yn) ast(z,y,) . Then for all but finitely mamye M ¥(z;c)
has the same finite size, or the same cofinite @ee previous lemma). Similarly for
(igé acl(ay,...,a,-1) 17; has the same finite size a$x;a,) . Also, all valtslices

¥(d;y,) have the same size "&sb,yn) . If almost all verticaksliare cofinite, then any
N of them intersect.

Lecture 9 (February 2, 2009) -

(1) GivenA C M , and given € Z , there is a unique -typdiofensiom .
Proof. Inductom . Ifn =1 , the generic type 6t  owvér g
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Vo(z) w/ parameters froml @(M  finije qr(M)  cofinite.

Now for the induction casex( te+1 ), we need to slib\b, c), (d,e) are (n + 1) -
tuples then dim =n + 1 (they have the same order aver e néédc = 4 de , that is,
type(be/A) = typede/A) .

First, note thab, d both satisfy the unique (by irntdwg »n-type overd of dimension
p(x) = {o@,y)| E ¢(b,c) w/ param fromA},

Jy, ©(T,y) € type(b/A) = typdd/A) . Them(y) = p(d,y) is a consistent type. Alice
waves her hands and says "I refer you to Monstetetio(What is Monster model?)
Now we just need to show and have the same typedl .

If b models the generie -type ovdr , thien is a germint of A” (not the same as in
algebraic geometry).

(2) RM(p) = dim(p). Taken F p , reorder sd.= bc  with a transcenddasis for |
and for each; , take;(z,y) that witnesses that is adgetlmverdb (C adfb) ). We
claim there existg;(z,y) € generic lengit) -type, least fdssi; . Take

0@,7) = \i[¥i(@,y) A F=ny i@, y)].
Thenany > © ha®M(q) <r ,and Rp) =r implies=p
(3) The unique generic type hR3/(p) =r . We will indoet-. Forr =1, itis an

easy exercises to shaw\/ (p) # 0 . Now, inductively, take,y) bd®f generic
(r+1)-type. We need! R(¢(z,y)) >r+1 . We need

{%@ y)}ieNo S't'MR(wi) >, N wj =0 sopi = o .
Now, find {b;},., independent parameter withz,y) = ¢(z,y) Ay =b; . Then #ris
easy propostion oRM  thakM( (e/A)) > RM (tp(b/A)) and this is equality if
and only ifc € ac(Ab) .
Giveny(y, z), pk < lengtliz), {a| MR(y(a;7)) > k} is definable. [Couldn't read
the board at this point.]



