Solutions to sixth problem set
Math 414

1. We have
lz+yl* = (z+y,z+y)

= (z,7) + (z,y) + (y,2) + (¥, 9)
= |lz|* + 2(z,y) + [ly||>.

As the identity
lz +yl* = lzl* +2(z, y) + [ly|I”

is now seen to hold for all x and y, we may substitute —y for y to obtain
lz = ylI* = llz|* = 2(z, y) + [lyl|*.
Adding the last two identities we obtain

lz = ylI* + [l + y11* = 2l|=]* + 2[|y]*.

2. (a) We are given that the set {uj,...,u,} is orthonormal. Hence to show that
{uq,...,up41} is orthonormal, it suffices to show that ||u,41]] = 1 and that
(Ui, ,Upt1) =0fori=1,...,n.

We recall the definition of projy,(v). There are unique vectors x € W and
y € W+ such that v = x + y, and by definition we have projy,(v) = z. Hence
y = v — projy (v). Since v ¢ W we have y # 0, so that u,+1 = y/||y| is defined
and

ly

Lo =1,
Iyl

[entall =

Fori=1,...,n,since y € W+ and u; € W, we have (u;,y) = 0, and hence

<ui7 y)
<ui un—l—l) = =0.
’ 1]l
This shows that {u1, ..., u,41} is orthonormal.
It remains to show that {uy, ..., u,+1} has the same span as {uy, ..., u,,v}. For
this purpose, we first note that since x lies in W, which is the span of {uy, ..., u,},

there are scalars (31, ..., 3, such that x = B1uy + - - - B,u,. We have

V=T+Y
=z + [|y[|tni1
= frur + -+ Brtn + ||y tnta-
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(b)

If z is any vector in the span of {u1, ..., u,, v}, there are scalars aq, ..., ap, Qpi1
such that z = aju; + ..., apuy + app1v. We now have

Z = 01Uy +...+ npUp + Oén—l—l(ﬁlul + -+ ﬁnun + Hy”un—i—l)
= (al + Oén—l—lﬂl)ul +- 4+ (an + O‘n-l—lﬁn)un + Oén—l—lHyHun-l-la

which shows that z lies in the span of {uy,...,u,,v}.

Conversely, suppose that z is a vector in the span of {uq,...,u,41}. Then there
are scalars vi,...,Vn, Yn+1 such that z = yiu; + ..., YpUn + Ynt1Unt1. We now
have

Z:%“l+-'-+%“n+ﬁ(v—ﬁlu1—'-~—ﬁnun)

Tn+151 _ Yn+1Bn
Iy Iyl

which shows that z lies in the span of {uy,...,uy,v}.

7n+1v,
1]l

:(’71_ )u1++(’7n )un+

First suppose that z is a vector in the span of {vi,...,v,,2}. Then there are
scalars aq, ..., ap, apyq such that z = agvy + ..., vy + apprz. If we set w =
Q101 + ..., pUy, then w € W and z = 1w + ap412, so that z is in the span of
W u{x}.

Conversely, suppose that z is a vector in the span of W U {x}. By definition this
means that there are scalars 1, ..., 3, and vectors yi,...,y, € W U {z} such
that z = Biy1 + ... Bmym. After re-indexing we may assume that y; € W for
1 <i<kandy =xfor k <t < m, where k is some integer with 0 < k < m.
Setting w = B1y1 + ... Bkyr and v = Br+1 ...+ OBm, we find that w € W and that
r =w + yx. We may write w = dv1 + - - -, v, for some scalars d;,...,d,. We
then have x = §1v1 + - - - v, + v, so that z is in the span of {vy,...,v,,x}.

In the special case where z € W we have W U {z} = W, so the result proved
above shows that the span of {vq,...,v,,x} is equal to the span of W. But W is
its own span since it is a subspace.

For n = 0 this asserts that if W is spanned by an empty set of vectors then
it is spanned by an empty orthonormal set. This is true since an empty set is
orthogonal by default.

Assume the assertion is true for a given n, and that a subspace W, 41 of V is
spanned by vectors zi,...,2,+1. Let W, denote the span of 21,...,2,. By the
induction hypothesis, W, is spanned by an orthonormal set {u, ..., u,,} for some
m < n. In the case where 2,11 € W,,, it follows from part (b) that W, 11 = W,,,
so that W, 11 is spanned by the orthonormal set {uq, ..., u,}. Now suppose that
Znt1 & Wy, According to part (b), W, 11 is the span of W, U{z,41}. Applying
part (b) again we deduce that part (b), W, 11 is the span of {u1, ..., Um, zn+1}-
Now set

Zn+1 — prOjW(zn+1)

|2n+1 = Projyy (zn41) ||
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Then according to part (a), uq,..., Uy, iS an orthonormal system and has the
same span as Ui, . . . , U, 2n+1, Namely Wy, 1. Since m+1 < n+1, this completes
the induction.

3. Set M = ||g||. Given any € > 0, the uniform continuity of f on [—27,27| gives a
positive § such that for all z, 2’ € [—2m, 27| with |z — 2’| < § we have |f(z) — f(2)| <
¢/(2rM). We may take § < w. Then for any z,2’ € R with |z — 2/| < ¢, there is
an integer n such that o = x + 27, and z{, = 2’ + 27, lie in [-27,27]. We have
|xg — x| = |x — 2’| < 0, and therefore |f(z) — f(2')| = |f(xo) — f(x})| < €/(2mM).

Now let = and 2’ be real numbers with |z — 2’| < §. We have

T

[(fxg)(x) = (f*g)(z")| =] _ﬂ flx—y)g(y)dy— [ f(z' —y)g(y)dy|

—T
o

= (flx—y) = f&'=v))gly)dyl

—Tr

< / =) — £ — )llgy)] dyl.

—Tr

For every y € [—pi, 7] we have |(z —y) — (2/ — y)| = |z — 2| < § and hence |f(x —
y) — f(x' —y))| <e/(2nM). We also have g(y) < M. Hence

T €
M —
= 2mM ©

(F *9)(@) — (f % g)() </

which shows that f x ¢ is uniformly continuous, and in particular continuous.

For periodicity we need only notice that

us

fxg(z+2m) = f(z+2m) —y)g(y), dy

—T

= _ﬁ f(x —y) +2m)g(y), dy

— [ fe - pgty). dy

—T

= fxg(x).

(The substitution rule is not needed.)



